CPHT-RR038.0409 



Gravitational instantons, self -duality and 

geometric flows 



F. Bourliot*\ J. Estes^\ P.M. Petropoulos*^ and Ph. Spindel§^ 



^ Centre de Physique Theorique, CNRS-UMR 7644, Ecole Polytechnique, 
91128 Palaiseau Cedex, France 

^ Service de Mecanique et Gravitation, Universite de Mons-Hainaut, 
20 Place du Pare, 7000 Mons, Belgique 



June 25, 2009 



Abstract 

We discuss four-dimensional "spatially homogeneous" gravitational instantons. These are 
self-dual solutions of Euclidean vacuum Einstein's equations with potentially non- vanishing 
cosmological constant. They are endowed with a product structure R x 7VI3 leading to a 
natural foliation into three-dimensional subspaces evolving in Euclidean time. For a large 
class of three-dimensional subspaces, the dynamics coincides with the geometric flow on 
the three-dimensional homogeneous slice, driven by the Ricci tensor plus an so (3) gauge 
connection. The metric on the three-dimensional space is related to the vielbein of the three- 
dimensional subspace, while the gauge field is inherited from the anti-self-dual component 
of the four-dimensional Levi-Civita connection. 
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The aim of the present letter is to report on a relationship between four-dimensional self- 
dual gravitational instantons and three-dimensional geometric flows. This is a follow-up 
of former scattered observations about Bianchi IX spatially homogeneous vacuum self -dual 
solutions of Einstein gravity HlllHSHll. Our framework is that of four-dimensional Euclidean 
geometry Ai^ which is topologically R x The leaves AI3 of this foliation are assumed to 
be homogeneous spaces of Bianchi type. The slicing is adapted to the splitting of the action 
of the SO(4) group in the tangent space into self-dual and anti slef-dual parts in such a way 
that the anti-self-dual part acts only on the subspace tangent to the homogeneous slicing 



The developments we will exhibit are two-fold. On the one side we show that real, non- 
degenerate, self-dual solutions exist only for unimodular Bianchi groups or the one of type 
im and are classified in terms of the homomorphisms of g ^ so (3), where g is the real Lie 
algebra of the Bianchi group under consideration and SO (3) the anti-self-dual factor of the 
group SO(4) acting on the orthonormal vierbein. On the other side, we observe that the self- 
duality requirement leads to first-order equations, which turn out to be geometric-flow equa- 
tions for a family of three-dimensional Bianchi manifolds, driven by the three-dimensional 
Ricci tensor combined with a flat SO (3) gauge connection in the following manner (tildes re- 
fer to the three-dimensional quantities as opposed to their four-dimensional counterparts): 



Our motivations for this analysis can be summarized as follows. On the one hand, grav- 
itational instantons are important ingredients of general relativity, both as classical solutions 
and potentially as tools to handle quantum transitions. Despite many results and solutions 
of Einstein's equations in the above simplified framework (see e.g. ISHHIZllHlElllOl - the list 
is not exhaustive), no unified pattern is available that captures all Bianchi classes in a simple 
and comprehensive way. 

On the other hand geometric flows of three-dimensional homogeneous spaces are in- 
teresting in their own right and turned out to play a role in Hamilton's program for prov- 
ing Poincare's and Thurston's conjectures. From a physicist's perspective, a relevant 
question is to ask whether and how this flow behavior of one-parameter families of three- 
dimensional spaces is related to the Euclidean-time evolution inside a gravitational instan- 
ton, where the homogeneous spaces appear as the leaves of the foliation. This question is 
motivated by several facts. 

Firstly, Ricci-flow equations are equivalent to renormalization-group equations for two- 
dimensional sigma models with t (x — logji fT2l [T3l[T4l[T5| . Setting a relation between this 
renormalization-group time and the Euclidean time of a gravitational instanton would be 

^Bianchi III is an exception that will not be discussed here in detail because it lies outside of the geometric- 
flow correspondence. 
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Type 


Group 


Structure constants 


I 


translations 


c'jk = 


II 


Heisenberg 


C^23 = -C^32 = +1 


VI 1 


£(1,1) 


C^13 = -C^3i = -1, C^i2 = -C^21 = -1 


VIIo 


E(2) 


C'^ia = -C^31 = -1, C^23 = -C^32 = +1 


VIII 


SL{2,R) 


C^23 = -C^32 = -1, C^31 = -C^13 = +1, C^12 = -C^21 = +1 


IX 


SU{2) 


C^23 = -C^32 = +1, C^31 = -C^13 = +1/ C^12 = -C^21 = +1 



Table 1: Unimodular Bianchi groups {c'j^ not explicitly given are taken to be zero). 



one more indication in favor of the dynamical generation of time in string theory - similar in 
spirit to the role of the Liouville field in non-critical string theory. Secondly, we refer to the 
recent attempt to modify the ultraviolet behavior of gravity |[T6l[T7| by assuming a foliation 
of the four-dimensional spacetime with a privileged time direction, at the level of the action, 
which has drastic consequences for the number of propagating degrees of freedom fTSl . 
There, the further detailed balance condition effectively sets a dynamics where time evolu- 
tion is a geometric flow on the leaves of the foliation. Last, one should keep in mind that the 
appearance of first-order equations in gravitational settings is reminiscent of holographic 
situations, and could ultimately be useful in reconstructing the bulk fields by flowing the 
boundary data. In the context at hand, this statement could be made more precise following 
MM- 

In this note we present results without all the proofs in detail. A more elaborate discus- 
sion will be delayed to a future communication, where the extension to vacuum solutions 
with cosmological constant will also be investigated. 

As already stated, we seek for Euclidean four-dimensional spaces of the type AI4 = 
A^s X R with homogeneous spatial sections AI3. The latter are assumed to be of Bianchi 
type: a three-dimensional group G acts simply transitively on the leaves, which are there- 
fore locally endowed with the structure of a group manifold (hence we exclude H3, H2 x 
or X S^) with three independent Killing vectors and left-invariant Maurer-Cartan forms 
{cr',i = 1,2,3} obeying 

dc7' = lcy^A(7^. (2) 
The structure constants can be put in the form (see e.g. [21]) 

c\j = eijgn^'' + Sjai - S^aj, (3) 

from which we read off their trace: ^ = lui. Unimodular groups have zero trace and are 
referred to as Bianchi A. Our choice for the structure constant^ of this class is presented in 

^This choice is the one of |21|, except for Bianchi VI_i. In our conventions, the matrix n is diagonal, which 
implies for Bianchi class A algebras that the structure constants have the following property: c'yj. = whenever 
i = i or i = k. 
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Table [H 

The metric for AI4 is in general of the form: 



ds^ = N^6T^ + gijCr'a', (4) 

where gij ( T) are functions to be determined. It is convenient to introduce an orthonormal 
frame {e\a = 0,1,2,3} 

ds^ = Sabe'e\ (5) 

by setting: 

0° = NdT, = e^jcri with gij = 6^fi@%@f^. (6) 

(a, /S, . . . label orthonormal space frames so that {a} = {0, a}, whereas . . . correspond 
to our choice of invariant forms as they follow from Table [T] and Eqs. (|2])). We will make 
the convenient gauge choice N = = ^ydet gij, and often use another "time" defined as 
dt = ©dr. 

The metric elements gij{t) or, equivalently, the frame components 0**^ are determined by 
imposing Einstein's equations. The torsion-less connection one-form co"^ is determined by 
the Cartan structure equations. Its Riemann curvature two-form will be denoted TZ'^^ and 
satisfies the usual cyclic identity (T?."^ A 9^ = 0). In four dimensions we can introduce the 
dual curvature form: 



1 1 

2^ be d — 2 

in terms of which Einstein's vacuum equations read: 



AB"^ = 0. (8) 

Since we are interested in Euclidean solutions, we can impose (anti-)self-duality: T?."^ = 
i^";,. This is a sufficient (but not necessary) condition to obtain vacuum solutions thanks 
to the cyclic identity. 

For reasons that will become clear in the following we would like to elaborate on the issue 
of (anti-)self-dualit}|§. Spin connection and curvature forms belong to the antisymmetric 6 
representation of SO (4). In four dimensions, this group of local frame rotations factorizes 
as SO(3)sd ^ SO(3)asd and the connexion cOab and curvature TZab SO(4)-valued forms can be 
reduced with respect to the S0(3)(a)sd as 6 = ( 

^sd/ ^asdj- 



^More on self-duality can be found in l22l and l23l 
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for the connection and 



) 



) 



(10) 



for the curvature, which now reads: 



(11) 



It is clear from the above that {Sa,T,a} are vectors of SO(3)sd and singlets of SO(3)asd and 
vice-versa for A^}. 

It is sufficient to impose that or similarly Aa be zero to solve vacuum Eisntein's equa- 
tions. For concreteness we will focus on the self-dual solutions, namely those for which 



Anti-self -dual solutions are obtained by 0(4) parity or time-reversal transformations. 

Equations ((12)) are second-order. First-order equations can be obtained by considering 
the spin connection A^ in Eq. ([TT]| . The simplest solution to ((121) is of course 



This first integral raises immediately two questions: (i) is = leading to consistent self- 
dual vacuum solutions, and (ii) is this unique? Concerning the second question, it is known 
that barring global issues, one can always find an SO(3)asd local transformation (see e.g. [7J) 
such that the anti-dual part Aa of the spin connection is set to zero. Although conceptually 
important, this property leaves open a practical question: since for any self-dual curvature, 
one can find a frame where the connection is self-dual, one may ask how many different 
frames are needed in order to exhaust all possible non-equivalent self-dual connections. 
Put differently, for a given frame, how many non-equivalent non-self-dual connections exist 
(Aa 7^ 0), which can be turned to self-dual ones upon appropriate SO(3)asd transformation? 

Both questions can be answered accurately. Firstly, Eq. ( (T3l) admits non-degenerat^ 
solutions for Bianchi A class and Bianchi III only. This can be proven in full generality, but 
we shall here present the heuristic argument. We chose for that the metric to be diagonal. 
For almost all Bianchi classes this is always consistent and non-restrictiv^. This amounts to 
taking 0** = which leads to (see Eqs. ((SUD)): 



*Non-degenerate means with an everywhere non-vanishing metric determinant. We do not exclude singu- 
larities, which do generically appear in gravitational instantons. 

^ An exception is again Bianchi III, which must be treated separately, without changing the conclusion though. 



A = o. 



(12) 



A^ = 0. 



(13) 




(14) 
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7/(0 are now the functions to be determined. Using the Cartan structure equations, we 
obtain co'^-, = 2\ o-^, whereas cl>\ = • • ■ + t^-c^^iC^^ + ^c^^-7<^^ + • ■ • • The dots stand 

1 717273 ^ ' 273 31 ' 271 32 

for other terms which are irrelevant for our purposes. Following demanding that the 
anti-self-dual part of the connection A-[ be zero, leads to several equations, among which we 
find the condition that 72^^32 = 0. If the algebra is non-unimodular, there are unavoidable 
coefficients like 0^32, so that the metric components like 72 are thus required to vanish by 
self -duality. Hence, the metric tensor is not invertible. 

Secondly, it is easy to show that there are as many non-equivalent cormections A with 
vanishing anti-self-dual curvature A as homomorphisms of g — >• so (3). We will refer to 
them as branches of solutions. It will turn out that in every case there are two such branches. 
Qualitatively, the reason is as follows. In general, vanishing anti-self-dual curvature (Eq. 
((12)) ) requires the connection A be a pure SO(3) gauge. Put differently, A must be of the form 
— dAA^^, where A stands for an SO(3) gauge transformation. We know that the geometry 
of AI3 is locally that of the group G so that each point x corresponds to a group element 
^(x). If we consider gauge transformations in G to define A, we could in general take ^(x) 
as such a transformation and A = —dgg^^ would just deliver the left-invariant Maurer- 
Cartan forms i.e. = <5a/y (upon appropriate choice of basis and normalization). But we 
have in addition that A(x) G SO (3) and as a consequence the resulting pure connection can 
only be of the form 

= S^i^(T\ (15) 

where A, are each or 1 depending on whether a given generator of g can be mapped to 
a generator of so (3). For each homomorphism g — i- so (3) there is a set of three numbers 
{Ai, A2, A3}. Each of these choices provides an anti-self-dual connection with vanishing cur- 
vature. 

The above qualitative reasoning can be made precise. We define general lai such that 
A-K = and introduce this ansatz in ([12)) together with @ and The equations we 

obtain are 



— f) 



©4., (16) 



for the components Oz, plus a constraint on the constants of the motion l^i 

laic'ju + ^./57-fV^^ = °' 

for the ones, that sets the announced interplay between g and so (3). Indeed, by using ap- 
propriate transformations, one can bring the I^g into a diagonal form with entries {Ai, A2, A3} 
taking the values or 1. 

To make contact with the existing literature on the search of gravitational instantons in all 
Bianchi classes it should be mentioned that Eqs. (|17)| lead (in most Bianchi classes) to imag- 
inary solutions. These are actually related to homomorphisms of g into real subalgebras of 
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sm(2, C), which provide more freedom but do not correspond to genuine instantons. We can 
summarize as follows the various possibilities, corresponding to the branches of admissible 
consistent self-duality equations: 

Bianchi class A For these, the rank-zero homomorphism that maps g to the nul generator 
of so (3) with A,- = is always available and leads, as already mentioned, to consistent 
solutions. Besides the latter, there is always another one (unique up to trivial algebra 
automorphisms), which is rank-one in types I, II and VIIq where it maps one generator 
of G onto one of so (3) with a single non-vanishing A,; and rank-three in type IX where 
it is the isomorphism of g = so(3) to itself with all A, = 1. The cases of VI_i (algebra 
iso(l, 1) of E(l, 1)) and VIII (algebra sZ(2, R)) are peculiar. Besides the trivial homo- 
morphism, they exhibit respectively a rank-one and a rank-three homomorphisn|§ in 
C: Ai = f, A2 = A3 = and Ai = 1, A2 = A3 = —i. Although the latter are not rele- 
vant for real self-dual solutions, they turn out to be necessary in setting the advertised 
relation with the Ricci flow of three-dimensional Bianchi spaces. 

Bianchi class B The rank-zero homomorphism leads in this class to singular metrics. An- 
other rank-one homomorphism exists in all cases but requires systematically a complex 
mapping (see also IfToH ), with the exception of Bianchi III. The latter will be studied 
elsewhere. 

From now on, we will focus on the Bianchi A class, and turn to the interpretation of 
the Euclidean time evolution in the above gravitational instantons as a geometric flow of a 
family of three-dimensional homogeneous spaces. At the technical level, this interpretation 
is motivated by the appearance of first order differential equations with respect to Euclidean 
time, namely by Eqs. ( [161) . For concreteness we would like to carry out first a well studied 
case, that of Bianchi IX Q. As in all Bianchi A cases the diagonal metric ansatz is sufficient, 
we will for convenience proceed with that choice till the end of the paper, leaving for the 
future the general intrinsic analysis. Setting 0^; = 7;^^; leads in general to Eq. ((14)) . For 
Bianchi IX, we consequently take led = (1 ~ which allows to capture the two cases as: 
A = (isomorphism) or 1 (trivial homomorphism). These two cases correspond respectively 
to the Taub-NUT and the Eguchi-Hanson branches of Bianchi IX. The first-order self-duality 
equations ([161 ) read: 

2 — = (72 - 73) - 7? + 2A7273, 

< 1— = (73 + 2A7371, (18) 

72 

2— = (71 - 72)^ - 73 + 2A7172. 

I 73 

^Actually, those algebras possess a boost generator and consequently a eigenvalue in the Cartan-Killing 
metric of opposite sign. 
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For the Taub-NUT branch (A = 0) the observation (already made in ITl|2l|3H4|) is that Eqs. 
flSl) reproduce the Ricci-flow evolution of a family of three-dimensional Bianchi IX geome- 
tries 

ds^ = g.ja'a' = S^fiO'^e^ (19) 
which are also of the diagonal type: 

gij{t)=S,p,{t). (20) 

This observation is remarkable and raises many questions that we will try to sort later in 
the discussion. For the moment we would like to extend this correspondence to all branches 
and all Bianchi A classes since those are the ones that systematically deliver a consistent 
spectrum of self -dual gravitational instantons appearing in two separate branches. 

For the Eguchi-Hanson branch (A = 1 in ((TSll ), the family of three-dimensional Bianchi 
IX geometries that flow is again given in ((191 |20l). Examining the self-duality equations in 
JTSl) , we find on the right hand side terms which reproduce (through the process described 
previously) the three-dimensional Ricci tensor, but in this case there is more: an so (3) gauge 
field A appears on the flowing three-spheres, which originates from the Levi-Civita anti- 
self-dual connection A. This field reads: 

A = Aicr' = -XS^iT^cr' (21) 

where are the generators of so(3) in the adjoint, satisfying tr(T"T^) = — 2^"^. This so(3) 
gauge field vanishes for Taub-NUT but is non-zero for Eguchi-Hanson. In both cases, how- 
ever, its field strength is zero. With this field, Eqs. dlSl ) are recast as announced in the begin- 
ning: 

^ = -^rj - \tr {A,A,) . (22) 



The result at hand deserves several comments. The advertised relation, that turns out to 
be valid for all Bianchi A classes as we will shortly discuss, sets a correspondence between 
the time evolution in self-dual gravitational instantons foliated with homogeneous leaves 
and the flow (parametric in time) evolution of homogeneous spaces. For the sake of simplic- 
ity, this correspondence has been exhibited here in the case of a diagonal metric, but it holds 
more generally. The flow equation (|22)) follows directly from ( [T6l) with an so (3) gauge field 

A = -liTV. (23) 

In order for the correspondence to be valid, the components 4/ are subject to the constraint 

liC^jk + ^cciiji'^jPk = 0, (24) 
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which is nothing but a flatness condition: the constraint 

F = dA+[A,A]=0. (25) 

The gauge field is a background field, it does not flow: 

A = 0, (26) 

but contributes to the flow of the metric. The flatness condition has two different solutions: 
(i) the : A = corresponds to the Taub-NUT branch whereas the A reproduces the 
Eguchi-Hanson branch. Of course the flow equation is not gauge-invariant and it was not 
expected to be since the actual difference between the various branches is a difference of 
gauge for the anti-self-dual part of the Levi-Civita connection. 

The correspondence between self-dual gravitational instantons with Bianchi homoge- 
neous spatial sections, on the one hand, and three-dimensional homogeneous spaces en- 
dowed with a background so (3) flat connection ( [25l) and flowing under ((22)) , on the other, 
holds for all Bianchi A classes. These are the classes that exhibit several branches of consis- 
tent instantons. Furthermore the correspondence holds for all these branches because the 
classification principle for the gravitational-instanton branches is the same as the one that 
classifies the flat so(3) connections over Ai^, which is locally G: equations ((T7|) and (|24)) are 
both flatness conditions, the former for the anti-self-dual part of the Levi-Civita connection, 
the latter for the so (3) background gauge field. We will again illustrate this correspondence 
in the case of diagonal metrics for the remaining Bianchi I, II, VI_i, VIIq and VIII. We consider 
now more generally ([19]) with 

gijit) = 3,jji{t). (27) 

We denote the metric coefficients 7; since the advertised correspondence does not assume the 
three-dimensional part of the four-dimensional metric to be equal to the three-dimensional 
metric. Similarly, in the diagonal ansatz, we take ||23l ) as an so(3) gauge field with 

Li = h^ai, (28) 
where A, are subject to the constraints ((24)) which now read: 

Xic)^ + Cij^XjX,, = (29) 
with no summation on /, /, k. Consequently, the geometric-flow equations obtained from ((22)) 
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Type 


{71/72,73} 


VI-i 


{z7i/'72/73} 


VIII 


{71,-^72/ -273} 



Table 2: Mapping for metric coefficients in Bianchi VI_i and VIII. 



Type 


{Ai, A2, A3}(i) 


{Ai,A2, A3}(i) 


{Ai, A2, A3}(2) 


{Ai, A2, A3}(2) 


VI-i 


{0,0,0} 


{2,0,0} 


{/,o,o} 


{0,0,0} 


VIII 


{0,0,0} 


{0, -i, -i} 


{0, -i, -i} 


{0,0,0} 



Table 3: Mapping for connections in Bianchi VI_i and VIII, for each of the two branches. 



can be written as 

= 

ii 



3 1 



(30) 



where the dot stands for d/ar = 7i7273'^/dt. Correspondingly, the self-duality equations ( [161) 
read: 



7, 



j,k=l 



^7? + ^(c^,.7? + cV^ 



+ A;7;7;t 



(31) 



with a similar convention for the dot. In the last two equations, there is no summation in the 
last term, where /, k are a cyclic permutation of 1, 2, 3. 

As already discussed, each of the above equations has two branches. From the self- 
dual four-dimensional side, this is determined by each of the two non-equivalent homomor- 
phisms of g — i- so (3). From the three-dimensional viewpoint, this corresponds to the two 
non-equivalent flat connections of so (3) over the group manifold G. This holds over the 
real numbers for I, II, VIIq and IX, whereas VI_i and VIII require to pass to the complex. 
In all Bianchi A, the advertised correspondence holds as one-to-one for each class and each 
branch. It goes as follows: 

1. In the cases I, II, VIIq, IX, we must set for the metric 7, = 7;, Vz, whereas there is a fine 
structure for the gauge fielcj^: A, = A;Vz for I and II, and A,- = 1 — A;V/ for VIIq and IX. 

2. For VI_i and VIII, the correspondence is summarized in Table 2. Note that trivial 
automorphisms alow to displace the different entry in each case. A similar comment 
holds for the connections given for all branches in Table 3. 

Although the classes VI _i and VIII are interesting neither for gravitational instantons nor 
for the Ricci flow (because of their complex nature) they are useful for setting the correspon- 



''Whenever 3 j ^ k ^ i ^ j such that '^'jj^c'^.j ^ 0, that is to say for Bianchi VIIq and IX, as well as VI_i and 
VIII, the branches are "crossed". 
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dence on a more universal ground. They might also play a more physical role in the search 
of self -dual solutions in a four-dimensional setting with signature {—,—,-{ — h). We will not 
pursue this analysis here. 

Besides the proper interest of the intriguing correspondence presented here, it has also 
the value of introducing a new kind of flow that deserves further investigation on its own 
right. In this line of thought, it should be mentioned that the analysis is usually considerably 
simplified by the integrable nature of the equations that appear in the framework of gravita- 
tional instantons. For Bianchi IX e.g., the Taub-NUT branch (A = in Eqs. flSll ) is described 
by the Darboux-Halphen equations studied long ago p4l [25l |26ll and rediscussed over the 
recent years both in the mathematical literature | |27| or in more physical contexts |[Tll3ll22 | . 
The Eguchi-Hanson branch (A = 1 in Eqs. ([18])) leads to the Lagrange equations (special 
version of the Euler top equations) also solved long ago, possesing remarkable integrabil- 
ity properties p7) . Similar results can be found for other Bianchi classes. All these results 
available in the gravitational-instanton literature can be useful to tackle Ricci or related flows 
beyond the usual asymptotic analysis l|28ll . 

At this stage of the developments the reader might feel frustrated by the two features 
of the flow l|22l [25l >, namely the absence of flow for A and the flatness of the latter so (3) 
connection. Their origin can be traced back as follows: A originates from the anti-self-dual 
part of the four-dimensional Levi-Civita connection which is required to have zero curvature 
A (Eq. (dU). Time-independence of the corresponding connection A follows immediately 
and is translated on the three-dimensional side as A = 0. 

More general flows with non-vanishing A and F could be reached if the self-duality con- 
dition on the Rieniann curvature were relaxed, and replaced by a milder condition that would 
still allow for a first-order description of time evolution without imposing the anti-self -dual 
Levi-Civita connection be a pure gauge. This is possible if we allow for a cosmological con- 
stant in four dimensions. In this case, self-duality of the Riemann is traded for that of the 
Weyl tensor 

and solutions of the Einstein equations {Rah = ^cgab) can thus be generated. The anti-self- 
dual part of the connection now explicitly depends on time and the corresponding curvature 
is non-zero. This can be illustrated in the celebrated solution of Fubini-Study for Bianchi IX 
(describing in fact a metric on CP^). Translated in the three-dimensional side, the equation 
for the metric flow is still given by ((22l) but is now accompanied with a flow for A and a 
constraint for P. The gauge field now carries a dynamics, which decouples when the cosmo- 
logical constant is turned off. 

As a conclusion of the above analysis we would like to make some final remarks. We 
should first stress the role of each of the ingredients that we have used throughout our 
developments. We worked in four dimensions where the orthogonal group is factorized 
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into two three-dimensional subgroups and all degrees of freedom are reduced as self-dual 
plus anti-self-dual. The foliation plus homogeneity assumption further introduce three- 
dimensional leaves and another three-dimensional group, G related to so (3) with non-trivial 
homomorphisms. Finally, the self-duality requirement effectively reduces the system to a 
three-dimensional one, whose dynamics turns out to be equivalent to a geometric flow on 
homogeneous three-manifolds endowed with an so (3) gauge connection. 

It is not clear to us whether the correspondence described here (involving in three di- 
mensions the "square-root" of the four-dimensional metric) has a deep intrinsic geometri- 
cal meaning or is a rephrasing of the dynamics. The above arguments show however that 
this scheme is certainly not expected to generalize in higher dimensions and this should be 
opposed to another instance, already quoted, where a similar phenomenon occurs: the non- 
relativistic gravity discussed in |IT7| . There, the dimension is generic and the D + 1 foliation 
is imposed at the level of the action, breaking explicitly the diffeomorphism invariance. This 
drastically alters the structure of the propagating degrees of freedom, which in our case fol- 
low from a plain Einstein-Hilbert dynamics. The relation with a D-dimensional theory is 
set by the detailed-balance condition, which resembles our self-duality condition and has the 
same effect, when combined with the foliation ansatz: the system effectively reduces to D- 
dimensions and the dynamics captured by a first-order flow equation. This is valid for any 
D because, as opposed to self-duality, the detailed-balance condition can be imposed at any 
dimension. The tensors which drive the geometric flow, however, depend on D. For D = 3, 
e.g. these are the Ricci and Cotton tensors. This is another difference with our set-up, again 
bounded to the exclusive use of the Einstein-Hilbert action. 

Acknowledgements 

The authors would like to thank C. Bachas, I. Bakas, M. Berthelson, P. Bieliavsky, M. Carfora, 
D. Friedan, G. Gibbons, J. Isemberg, D. Liist , A. Petkou, M.-T. Wang and E. Woolgar for 
stimulating discussions. The 2008 Munich meeting Field Theory and Geometric Flows as 
well as the 2009 GGI workshop New Perspectives in String Theory and Pisa meeting Geo- 
metric Flows in Mathematics and Theoretical Physics have been beneficial in many respects. 
Marios Petropoulos would like to thank the Service de Physique Theorique de I'Universite 
Libre de Bruxelles as well as the Service de Mecanique et Gravitation de I'Universite de 
Mons-Hainaut for kind hospitality. Philippe Spindel thanks the IHES where the present 
collaboration was initiated. John Estes acknowledges financial support from the Groupe- 
ment dTnteret Scientifique P2I. This research was partially supported by the French Agence 
Nationale pour la Recherche, contract 05-BLAN-0079-01. 



11 



References 



[1] M. Cvetic, G.W. Gibbons, H. Lu and C.N. Pope, "Cohomogeneity one manifolds of 
Spin(7) and G(2) holonomy," Phys. Rev. D65 (2002) 106004 [arXiv:hep-th/0108245]. 

[2] K. Sfetsos, unpublished work, see http:/ /www.cc.uoa.gr/ papost/SFETSOS.pdf 

[3] I. Bakas, D. Orlando and P.M. Petropoulos, "Ricci flows and expansion in axion-dilaton 
cosmology," JHEP 0701 (2007) 040 [arXiv:hep-th/0610281]. 

[4] P.M. Petropoulos, unpublished work, see http: / / wwwth.mppmu.mpg.de/ members/ strings/ 
Ricci / ricci_f iles / Talks / Petropoulos .pdf 

[5] E.T. Newman, L. Tamburino and T.J. Unti, "Empty-space generalization of the 
Schwarzschild metric," Journ. Math. Phys. 4 (1963) 915. 

[6] T. Eguchi and A.J. Hanson, "As5rmptotically flat self-dual solutions to Euclidean grav- 
ity," Phys. Lett. 74B (1978) 249. 

[7] T. Eguchi and A.J. Hanson, "Selfdual solutions to Euclidean gravity," Annals Phys. 120 
(1979) 82. 

[8] V.A. Belinsky, G.W. Gibbons, D.N. Page and C.N. Pope, "Asymptotically Euclidean 
Bianchi IX metrics in quantum gravity," Phys. Lett. 76B, 433 (1978). 

[9] G.W. Gibbons and C.N. Pope, "The positive action conjecture and asjonptotically Eu- 
clidean metrics In quantum gravity," Commun. Math. Phys. 66 (1979) 267. 

[10] D. Lorenz, "Gravitational instanton solutions for Bianchi types I-IX," Acta Physica 
Polonica 14 (1983) 791. 

[11] W. Thurston, "Three-dimensional manifolds, Kleinian groups, and hyperbolic geome- 
try," Bull. Amer. Math. Soc. (N.S.) 6 (1982) 357. 

[12] L. Alvarez-Gaume, D.Z. Freedman and S. Mukhi, "The background field method and 
the ultraviolet structure of the supers5anmetric non-linear sigma model," Annals Phys. 
134 (1981) 85. 

[13] E. Braaten, T.L. Curtright and C.K. Zachos, "Torsion and geometrostasis In non-linear 
Sigma models," Nucl. Phys. B260 (1985) 630. 

[14] D.H. Friedan, "Nonlinear models in two + epsilon dimensions," Annals Phys. 163 
(1985) 318. 

[15] H. Osborn, "General bosonic sigma models and string effective actions," Annals Phys. 
200 (1990) 1. 



12 



[16] P. Horava, "Membranes at quantum criticality," JHEP 0903, 020 (2009) [arXiv:0812.4287 
[hep-th]]. 



[17] P. Horava, "Quantum gravity at a Lifshitz point," Phys. Rev D79 (2009) 084008 
[arXiv:0901.3775 [hep-th]]. 

[18] C. Charmousis, G. Niz, A. Padilla and P.M. Saffin, "Strong coupling in Horava gravity," 
arXiv:0905.2579 [hep-th]. 

[19] D.S. Mansi, A.C. Petkou and G. Tagliabue, "Gravity in the 3 -I- 1-split formalism 
I: holography as an initial value problem," Class. Quant. Grav. 26 (2009) 045008 
[arXiv:0808.1212 [hep-th]]. 

[20] D.S. Mansi, A.C. Petkou and G. Tagliabue, "Gravity in the 3 -I- 1-split formalism II: self- 
duality and the emergence of the gravitational Chem-Simons in the boundary," Class. 
Quant. Grav 26 (2009) 045009 [arXiv:0808.1213 [hep-th]]. 

[21] M.P. Ryan and L.C. Shepley, "Homogeneous relativistic cosmologies," Princeton, Usa: 
Univ. Pr. (1975) Princeton Series In Physics 

[22] M. F. Atiyah, N.J. Hitchin and I.M. Singer, "Selfduality In four-dimensional Riemannian 
geometry," Proc. Roy. Soc. Lond. A362 (1978) 425. 

[23] T. Eguchi, P.B. Gilkey and A. J. Hanson, "Gravitation, gauge theories and differential 
geometry," Phys. Rept. 66 (1980) 213. 

[24] G. Darboux, "Memoire sur la theorie des coordonnees curvilignes et des systemes or- 
thogonaux," Ann. Ec. Normale Super. 7 (1878) 101. 

[25] G.-H. Halphen, "Sur un systeme d'equations differentielles," C.R. Acad. Sc. Paris 92 
(1881) 1001. 

[26] G.-H. Halphen, "Sur certains systemes d'equations differentielles," C.R. Acad. Sc. Paris 
92 (1881) 1004. 

[27] L.A. Takhtajan, "A simple example of modular forms as tau functions for integrable 
equations," Theor. Math. Phys. 93, 1308 (1992) [Teor. Mat. Fiz. 93, 330 (1992)]. 

[28] J. Isenberg and M. Jackson, "Ricci flow of locally homogeneous geometries on closed 
manifolds," J. Differential Geometry 35 (1992) 723. 



13 



